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In 1984 the concept of the flaw profile (a plot of the magnitude and 
phase of ~Z along the length of the flaw) was introduced as a tool for 
inverting eddy current measurements taken on surface breaking flaws inter-
rogated with a spatially nonuniform probe field [1,2]. Comparison of 
direct measurements of approximately rectangular EDM notches with theoret-
ical calculations for rectangular flaws showed satisfactory agreement. 
Inversion procedures developed for sizing a flaw from its flaw profile 
data were also found to give reasonable results. During the past year the 
goal has been to develop a probe-flaw interaction theory for semi-ellip-
tical flaws in a nonuniform interrogating field. This is again a col-
laborative effort between Stanford and the National Bureau of Standards 
at Boulder, The theory, and some comparison with experiment, is given in 
this paper and details of the experiments are described in a companion 
paper [3]. 
THE FLAW PROFILE CONCEPT AND INVERSION 
Figure 1 illustrates the measurement of the flaw profile for a flaw 
whose surface length is much greater than the mean diameter 2r of the 
eddy current probe. The concentric circles at the left represent the eddy 
currents produced when the coil, which is centered on the plane of the 
surface breaking flaw, is at position x0 on the x-axis shown in the 
figure. The flaw profile is taken by scanning the probe along the x-axis 
and recording ~Z as a function of x0• In a blind test where the 
orientation of the flaw is not known a priori, the flaw profile must be 
obtained by taking a raster scan and extracting the profile from the 
raster response, as described in [1]. For a long flaw the profile has 
the characteristic shape shown in the figure, and it has been shown [1] 
that the length 2c of the flaw can be obtained from either the spacing 
of the shoulders or the outer slope intercepts of the profile. Once the 
length has been determined the depth a and the opening ~u of the flaw 
may be found by constructing a McFetridge Chart for the flaw (Fig. 2). 
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Fig. 1. Flaw amplitude profile for an average coil diameter 2r > flaw 
length 2c. 
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Fig . 2. Magnitude versus phase of ~Z at the flaw profile center for a 
rectangular f law (aluminum 6061, 8 = 0.0051", r = 0.0032"). 
(2c = 2, normalized to r ). 
This is a plot of magnitude-versus-phase of ~Z at the center of the 
profile, calculated for a given 2c and different values of the dimensions 
a and ~u . By plotting the experimentally measured amplitude and phase 
of ~Z on the chart one can find the inverted values of a and •\ u. 
POTENTIAL FORMULATION OF THE ~z FORMULA 
The basic 6.Z formula f or a surface breaking f l aw is 
6.Z 1 I (E H .. - E .. H ) dxdy I2 y X y X 
mouth 
(1) 
where the xy plane is the surface of the substrate and the z-axis is 
directed into the substrate. Orientation of the flaw with respect to the 
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x-axis and the y-axis is as shown in Fig. 1. Therefore, the magnetic field 
of the probe has only an x component at the position of the flaw, since 
the probe has circular symmetry. Integration is over the surface opening, 
or mouth, of the flaw. The unprimed fields are those at the surface in the 
absence of the flaw and the primed fields in the presence of the flaw. An 
approximation is made by assuming that the magnetic field in the mouth of 
the flaw is the same as the original field at the same point on the unflawed 
surface (H~ =H). 
X X 
In the theory of [1] the magnetic field inside the volume of the flaw 
was obtained, for rectangular flaws, by expanding in separated variable 
solutions to Laplace's equation. This approach, based on the quasistatic 
approximation that is valid for all eddy current testing, enables one to 
evaluate the primed electric field in Eq. (1) [4]. For semi-elliptical 
flaws this approach is not convenient and it is more practical to solve 
the interior magnetostatic problem numerically by the finite difference 
method. This suggestion was made by the nondestructive testing group at 
the London Center for Marine Technology, University College London [5]. 
To implement a finite difference evaluation of ~Z it is desirable 
to reformulate Eq. (1) in terms of the magnetostatic potential ¢. Sub-
stituting the gradient of ¢ for H , using Maxwell's equations, and 
simplifying with various vector identities reduces Eq. (1) to the form 
~z iw~o f (f~ ¢~ ¢~- ¢} ~ ¢~~) dxdy 
I th { <3 z J t (3 z J 
mou 
(2) 
where the primed and unprimed quantities have the same significance as in 
Eq. (1). Further algebra converts this to 
M ~ f (a¢~/ax) 2 dx + ~ J <aV/a.Q,) 2 d.Q, I 2a I20' 
mouth tip (3) 
2 ( i + i . Mu) 
{outh 
---+ -- ¢~ a¢~/az dxdy 
I 2a 0 o2 
where KL and KT are the Kahn coefficients defined in [4], and the 
variable ".Q," in the second term is a measure of length along the crack tip. 
The substrate conductivity is a and its skin depth is o. 
FINITE DIFFERENCE ANALYSIS 
The problem is to solve for the magnetostatic potential in the inter-
ior of the flaw (¢~ in Eq. (3)), with Dirichlet boundary conditions at 
the mouth of the flaw (i.e., the unperturbed interrogating potential), and 
Neumann boundary conditions at the curved tip of the flaw (i.e., the 
normal derivative is zero). As in the 1984 calculations, the interior mag-
netic field is assumed to lie entirely in the xz plane, so that the poten-
tial problem is two-dimensional. After converting the Laplace equation and 
boundary conditions to finite difference form the set of difference equa-
tions is solved by iteration, starting with some approximate solution such 
as the solution for a rectangular flaw. The number of mesh points used is 
typically 19 along the mouth (x direction) and 9 in the depth (z direction). 
The maximum number of iterations is 100. Once ¢~ has been found and the 
derivatives of Eq. (3) evaluated, the problem is solved. There are no tedi-
ous numerical summations of analytic separated variable solutions to be 
carried out as in the "analytical" solution for rectangular flaws. Because 
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of this, the finite difference approach does not require significantly more 
numerical computation than the "analytical" approach, and it has the import-
ant advantage of applying to flaws of any shape. The program was tested 
and debugged by recalculating the rectangular flaws analyzed in [1]. 
UNIFORM INTERROGATING FIELD 
The first complete analysis of probe-flaw interaction was a rectangular 
flaw in a uniform interrogating field [4], where it is shown that the probe 
response can be expressed as 
2 12° + cL'lu 2 1 \ cH0 c 21 + L'lZ CJI2 (1 + i) i 02 0 (4) 
with 0 a function of w only, and zo zl 
' 
functions of a/c only. 
Here, Ho is the uniform interrogating field and the Z's are shape 
parameters depending only on the aspect ratio a/c. These parameters have 
been recalculated for rectangular flaws, using the finite difference pro-
gram, and have also been evaluated for semi-elliptical flaws. The results, 
used in [6], are listed in Table 1. 
Table 1. Uniform Field Parameters 
Rectangular Semi-Elliptical 
a/c zo zl a/c zo zl 
0.100 -3.1533 0.3769 0.100 -3.151 0.2400 
0.200 -3.2309 o. 7115 0.200 -3.2157 0.5469 
0.3375 -3.3402 1.1009 0.3375 -3.2965 0.8609 
0.4750 -3.4336 1.4094 0.4750 -3.2709 1. 2956 
0.5000 -3.4473 1.4571 0.5000 -3.2687 1. 3444 
0.6125 -3.4949 1. 6425 0.6125 -3.2695 1. 5561 
1.0 -3.5132 1. 9978 1.0 -3.1794 1. 9558 
NONUNIFORM INTERROGATING FIELD 
Finite difference calculations have been made for a number of flaws 
produced by the National Bureau of Standards [3] and Martin Marietta [7], 
using the same air-core probe as in 1984 [1]. Figure 3 shows computed 
magnitude and phase profiles for rectangular and semi-elliptical fatigue 
crack models. The curves are generally similar except for the fact that 
the semi-elliptical geometry has more sloping shoulders, as expected from 
the curvature of the flaw ends. Another feature to note is that the slope 
intercepts of the two magnitude curves are essentially the same. This 
means that for practical purposes the rectangular length inversion curves 
[1] can also be used for semi-elliptical flaws. Figure 4 shows a McFetridge 
chart for a semi-elliptical flaw with the same parameters as the rectangu-
lar flaw of Fig. 2. Here, there is clearly a difference between the two 
cases, so that the shape of the flaw must be taken into account in invert-
ing a and L'lu. 
Figures 5 and 6 show comparisons of Stanford calculations with NBS 
measurements for an EDM notch and a fatigue crack. More detailed discus-
sion of these and other results is given in [3]. One point should, how-
ever, be emphasized. There is a very significant difference between the 
experimental curves taken with two nominally identical air-core probes. 
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This points up the extreme importance of eddy current probe characteriza-
tion in quantitative NDE. 
McFETRIDGE CHART (2c/'f=2.0 SEMI-ELLIPTICAL) 
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Fig. 4. Magnitude versus phase of ~Z at the flaw profile center for a 
semi-elliptical flaw (Aluminum 6061, o = 0.0051", F = 0.0032".) 
(2c = 2, normalized to I). 
INVERSION 
This section constitutes a brief review of the experimental data 
discussed in [3] and their inversion. The flaw shapes are identified in 
Table 2 (SE =semi-elliptical EDM, R =rectangular EDM, F =fatigue). 
Figure 7 compares inverted flaw length with actual flaw length. In Fig. 8 
experimental data points for semi-elliptical EDM notches are plotted on a 
theoretical McFetridge chart, and Fig. 9 does the same for rectangular 
EDM notches. Finally, Table 2 compares inverted and actual values of 
depth a and opening ~u. This data was all taken with an air-core probe 
having Y = 0.0032". It should be noted that the error in depth inversion 
is significantly greater for the deeper flaws. The reason is clear from 
Figs. 8 and 9, where it can be seen that the curves become more compressed 
for larger values of a/o. Since all curves on the McFetridge chart are 
for the same o , or frequency, the solution to this problem is to repeat 
the measurement at a lower frequency. 
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Fig. 7. Length inversion correlation plot. 
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Fig. 8. Depth and opening inversion correlation plot for semi-elliptical 
flaws (2c is nominally 5, normalized to r ). 
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Flaw 
NBS 3A 
NBS 3B 
NBS 3C 
NBS 3D 
NBS 4A 
NBS 4B 
NBS 4C 
NBS 4D 
NBS 5A 
NBS 5B 
Stanford 1 
Stanford 2 
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Table 2. Flaw depth and opening inversions 
Shape 
SE 
SE 
SE 
SE 
R 
R 
R 
R 
R 
R 
F 
F 
Para-
meter 
a 
Llu 
a 
Llu 
a 
Llu 
a 
Llu 
a 
Llu 
a 
Llu 
a 
Llu 
a 
Llu 
a 
Llu 
a 
Llu 
a 
Llu 
a 
Llu 
Actual Inverted 
0.0277" 0.0230" 
0.00748 0.0058 
0.0376 0.0316 
0.0079 0.0064 
0.0490 0.0714 
0.0086 0.0047 
0.0565 0.0800 
0.0086 0.0050 
0.0139 0.0138 
0.0065 0.0045 
0.0254 0.0209 
0.0072 0.0064 
0.0296 0.0255 
0.0073 0.0072 
0.0361 0 . 0486 
0.0083 0.0048 
0.0347 0.0372 
0.0093 0.0045 
0.0459 0.0459 
0.0077 0.0048 
0.0362 0.0360 
- -
0.0693 0.0544 
- -
% Error 
-17% 
-23% 
-16% 
-19% 
+46% 
-46% 
+42% 
-42% 
-0.7% 
-31% 
-18% 
-11% 
-14% 
-1% 
+34% 
-41% 
+7.3% 
-52% 
0% 
-38% 
0% 
-
- 21% 
-
SUMMARY 
Previously reported flaw profile and inversion calculations for 
rectangular flaws [1) have been extended to semi-elliptical flaws. The 
flaw profile magnitude curves show significant differences, making it 
possible to distinguish between the two shapes. For length inversion 
there is little difference between the slope intercept curves for the two 
shapes. (This is physically reasonable because the exterior slope of the 
profile is controlled by the interaction of the probe field with the end 
of the flaw, regardless of its internal shape.) A consequence of this is 
that the length of a semi-elliptical flaw can be obtained from the rect-
angular inversion curves. For depth and opening inversion, however, it is 
necessary to use a McFetridge chart for the correct shape (rectangular or 
semi-elliptical). 
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